In this work we present different infinite dimensional algebras which appear as deformations of the asymptotic symmetry of the three-dimensional Chern-Simons gravity for the Maxwell algebra. We study rigidity and stability of the infinite dimensional enhancement of the Maxwell algebra. In particular, we show that three copies of the Witt algebra and the bms 3 ⊕ witt algebra are obtained by deforming its ideal part. New family of infinite dimensional algebras are obtained by considering deformations of the other commutators which we have denoted as M(a, b; c, d) and M(ᾱ,β;ν). Interestingly, for the specific values a = c = d = 0, b = − 1 2 the obtained algebra M(0, − 1 2 ; 0, 0) corresponds to the twisted Schrödinger-Virasoro algebra. The central extensions of our results are also explored. The physical implications and relevance of the deformed algebras introduced here are discussed along the work.
Introduction and motivations
There have been a growing interest in the study of infinite dimensional symmetries due to their applications in string theory, fluid mechanics, gravity theory and other areas of physics. Of particular interest are the symmetries of the Virasoro type. The Virasoro algebra [1, 2] , which is a central extension of the Witt algebra [3] , was first introduced in the context of string theory and describes the symmetry of any physical system with conformal invariance in two dimensional space.
In the gravity context, two copies of the Virasoro algebra result to describe the asymptotic symmetries of three-dimensional gravity theory in presence of a negative cosmological constant [4, 5] . In the vanishing cosmological constant limit, the asymptotic structure is described by the bms 3 algebra [6, 7] which is the 3d version of the bms 4 algebra introduced first in [8] [9] [10] and subsequently studied in [11] [12] [13] [14] [15] [16] [17] . While the bms 3 algebra is associated with asymptotic symmetry algebras of nontrivial diffeomorphisms on three dimensional flat spaces, the two copies of the Virasoro algebras describes the asymptotic algebra of nontrivial diffeomorphisms on AdS 3 . Recent extensions and generalizations of the bms 3 (super)algebra have been explored in [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . On the other hand non trivial diffeomorphisms of near-horizon for 3d gravity leads to charge algebras as u(1) Kac-Moody algebra, Heisenberg algebra (or sl(2, R) current algebras) [36] [37] [38] [39] [40] [41] or Heisenberg algebras in higher dimensional cases [42] [43] [44] .
Recently, the study of the rigidity and stability of the bms 3 , u(1) Kac-Moody algebra denoted as KM u (1) and the bms 4 algebra have been explored in [45, 46] . Besides the two copies of the Virasoro algebra, the authors of [45] have shown that the two-parameter family of W (a, b) algebras, introduced in [47] , can be obtained by deforming the bms 3 algebra. On the other hand, as shown in [46] , the bms 4 algebra can be deformed into a four-parameter family of algebras denoted as W(a, b;ā,b). Theory of Lie algebra deformations, introduced in 1960s [48] [49] [50] [51] [52] , has been useful in diverse area of physics. In particular, nontrivial deformations lead to new algebras. An algebra is said to be rigid or stable if it does not admit any nontrivial deformation. In the case of finite dimensional Lie algebra, we know from the Whitehead and Hochschild-Serre factorization theorems that any semi-simple Lie algebra is stable [53] [54] [55] . At the infinite-dimensional level, the Hochschild-Serre factorization theorem does not apply. Then, the study of the stability of infinite dimensional algebras and asymptotic symmetries has been explored case-by-case [56] [57] [58] [59] [60] . It is then worth it to explore the stability of other known infinite dimensional algebras.
In this paper, we study possible deformations of the infinite enhancement of the Maxwell algebra. The Maxwell algebra was first introduced in [61, 62] as the algebra appearing in the presence of a constant electromagnetic field background in Minkowski space [61] [62] [63] . It is also obtained as tensor extension of Poincaré algebra [64] [65] [66] . On the other hand, non trivial deformations of the Maxwell algebra in arbitrary dimensions and its supersymmetric versions are considered in [67, 68] . Further applications of the Maxwell algebra has been studied subsequently with diverse purposes. In particular, the Maxwell symmetry has been used in [69] to introduce alternatively a generalized cosmological constant in a four-dimensional gravity theory. More recently, the Maxwell algebra and its generalizations, denoted as B k algebras, have been useful to recover standard general relativity from a Chern-Simons and Born-Infeld gravity theory in odd and even dimensions, respectively [70] [71] [72] [73] . Further interesting applications of the Maxwell symmetries can be found in [74, 75] . In three space-time dimensions, a Chern-Simons gravity action invariant under the Maxwell algebra has been studied in [76, 77] . Interestingly, the asymptotic symmetry of such three-dimensional gravity theory appears to be an extension and deformation of the bms 3 algebra (2.11) [31, 78] . The gauge field related to the new generator M µν modifies not only the asymptotic sector but also the vacuum energy and the vacuum angular momentum of the stationary configuration. More recently, an infinite-dimensional enhancement of the Maxwell group in 2+1 dimensions has been constructed in [79] . Generalizations and applications of the Maxwell symmetry can be found in the context of (super)gravity [80] [81] [82] [83] [84] [85] [86] [87] [88] , higher-spin [89] , non-relativistic models [90] [91] [92] [93] [94] among others.
Organization of the paper. In section 2, we review the Maxwell algebra, its infinite dimensional enhancement in 2+1 dimension and its deformations. In section 3, we analyse various deformations of the infinite dimensional enhancement of the Maxwell algebra. First of all, in sections 3.1-3.4, we study infinitesimal and formal deformations of each commutator separately, then in section 3.5 we consider possible formal deformations considering all the commutators simultaneously. In section 4, we study the central extensions of the obtained algebras through deformations of the infinite dimensional Maxwell algebra. Finally we summarize our results and discuss their physical interpretations. In appendix A we review some basic concepts of deformation theory of Lie algebras.
Notation. Following [7] we use "fraktur fonts" for algebras e.g. bms 3 , bms 4 , Max 3 and their centrally extended versions will be denoted by a hat bms 3 , bms 4 and Max 3 . We also denote two family algebras M(a, b; c, d) andM(ᾱ,β;ν) which in our conventions Max 3 = M(0, −1; 0, −1) = M(0, 0; 0). On the other hand, "M(a, b; c, d) family" of algebras (of M(a, b; c, d) family, in short), shall denote set of algebras for different values of the a, b, c and d parameters and similarly for M(ᾱ,β;ν) family.
Maxwell algebra and its infinite dimensional enhancement
In this section we briefly review the Maxwell algebra, its deformations and its infinite dimensional enhancement in 2 + 1 spacetime dimensions. The discussion about how such infinite dimensional algebra can be obtained as extension and deformation of bms 3 algebra is also presented.
The Maxwell algebra
The Maxwell algebra in d dimension can be obtained as an extension and deformation of the Poincaré algebra. In fact one can extend the Poincaré algebra by adding Lorentz-covariant tensors which are abelian as follows
where J µν are generators of the Lorentz algebra so(d − 1, 1). Furthermore, one can deform the commutator of translations so that it is no more zero but proportional to the new generators M to obtain Maxwell algebra as
[P µ , P ν ] = εM µν ,
where ε is the deformation parameter. As we have mentioned this algebra describes a relativistic particle which is coupled to a constant electromagnetic field [61, 62] . In three spacetime dimensions, the Poincaré algebra has six generators, three generators for rotation and boost and three generators for translation. In the 3d Maxwell algebra, the Lorentz-covariant tensor adds three independent generators. Thus the Maxwell algebra in three spacetime dimensions has 9 generators which can be written in an appropriate basis (sl(2, R) basis) as
where m, n = ±1, 0. One then shows that the 3d Maxwell algebra can be enlarged to a new algebra with countable basis where m, n ∈ Z [31] . In this work we shall denote the infinite dimensional version of the Maxwell algebra by Max 3 . Interestingly, as was shown in [78] , the latter can be obtained as the asymptotic symmetry of a 3d Chern-Simons gravity based on the Maxwell algebra.
Infinite dimensional 3d Maxwell algebra through bms 3 algebra
Infinite dimensional enhancement of 3d Maxwell algebra Max 3 can be obtained as an extension and deformation of the bms 3 algebra. Let us review properties of the bms 3 algebra.
The bms 3 algebra. The bms 3 algebra is the centerless asymptotic symmetry of three-dimensional flat spacetime [6, 11] :
where m, n ∈ Z. The bms 3 algebra is an infinite dimensional algebra which contains two sets of generators given by J n and P n . J generates a Witt subalgebra of bms 3 which is the algebra of smooth vector fields on a circle. On the other hand P n generates an adjoint representation of the Witt algebra and form the ideal part of the bms 3 algebra. From (2.4) one can see that bms 3 has a semi-direct sum structure:
5)
where the subscript ab is to emphasize the abelian nature of P while ad denotes the adjoint action. The maximal finite subalgebra of bms 3 is the three dimensional Poincaré algebra iso(2, 1), associated with restricting m, n = ±1, 0 in relation (2.4) . In particular the generators J and P are called superrotations and supertranslations, respectively.
A central extension of the bms 3 algebra, denoted as bms 3 , appears by asymptotic symmetry analysis of three dimensional flat space:
in which c JJ and c JP are the central charges and are related to the coupling constants of the so-called exotic Lagrangian and the Einstein-Hilbert Lagrangian as follows [11, 21] c JJ = 12kα 0 ,
Note that the central part can also contain a term proportional to m. However, this part can be absorbed into a shift of generators by a central term.
Extension of bms 3 algebra.
We are interested in a particular extension of the bms 3 algebra, denoted by bms 3 , in which the additional generators have the same conformal weight as the bms 3 generators, h = 2. The non vanishing commutators of bms 3 are given by
in which m, n ∈ Z, and is defined over the field R. One can see that the algebra (2.8) has a Witt subalgebra. In particular, the structure of bms 3 is the semi direct sum of the Witt algebra with an abelian ideal part. The latter is the direct sum of generators P and M. Then, we have
where the P and M abelian ideals are spanned by P and M generators, respectively. One can show that bms 3 admits only three independent central terms as
10)
One can deform the algebra in (2.8) to obtain a new non isomorphic algebra with non vanishing commutators similarly to (2.3). Thus one can view the Max 3 algebra (2.3) as an extension and deformation of the bms 3 algebra. The Max 3 algebra as the centrally extended bms 3 algebra (2.8) admits only three independent central terms as
(2.11)
We denote the central extension of Max 3 by Max 3 with the commutators as (2.11).
Such infinite-dimensional symmetry algebra in presence of three central terms can also be obtained through the semi-group expansion method [31] . This algebra describes the asymptotic symmetry of a three-dimensional Chern-Simons gravity theory invariant under the Maxwell algebra [78] . Interestingly, the central charges c JJ , c JP and c JM can be related to three terms of the Chern-Simons Maxwell gravity action as follows [78] :
where α 0 , α 1 and α 2 are the coupling constants of the exotic Lagrangian, the Einstein-Hilbert term and the so-called Gravitational Maxwell Lagrangian, respectively.
Review on deformation of the Maxwell algebra
In this subsection we briefly review the deformations of the Maxwell algebra. Such deformations has been considered in [67] in which they have shown that the Maxwell algebra is not stable and can be deformed to other non isomorphic algebras.
Arbitrary dimension
The Maxwell algebra in d dimensions can be deformed to, depending on sign of the deformation parameter, so(d − 1, 2) ⊕ so(d − 1, 1) or so(d, 1) ⊕ so(d − 1, 1). The former is the direct sum of AdS d and d−dimensional Lorentz algebras and was found by Soroka and Soroka in [95] and subsequently studied in [96] , while the latter is the direct sum of dS d and d−dimensional Lorentz algebras.
Specific dimension d = 2 + 1
In specific dimension d = 2 + 1 there are three different deformations: as in the previous case we have two deformations given by so(2, 2) ⊕ so(2, 1) and so(3, 1) ⊕ so(2, 1) but there is a new deformation leading to iso(2, 1) ⊕ so(2, 1) which is the direct sum of 3d Poincaré algebra and 3d Lorentz algebra. Being non-semi-simple and by the Hochschild-Serre factorizaion theorem, this algebra is not stable and can be deformed into so(2, 2) ⊕ so(2, 1) or so(3, 1) ⊕ so(2, 1) depending on the sign of the deformation parameter.
Deformation of Max algebra
In this section we study deformation of the Max 3 algebra defined through (2.3). As discussed in appendix the infinite dimensional Lie algebras are not subject to Hochschild-Serre factorization theorem. Therefore, unlike the finite dimensional case, their deformations should be studied caseby-case. Here we can, not only, deform the ideal part, but also the other commutators. First, we explore possible deformations of the Max 3 algebra by deforming each commutator separately. Naturally, it is necessary to check that deformations involving two commutation relations do not be despised. We then extend our results considering deformations of all commutators simultaneously. We also provide an algebraic cohomology analysis.
Deformation of commutators of the ideal part
Let us first consider all deformations of the ideal part of the Max 3 algebra. As we can see from (2. 3) the ideal part of Max 3 is spanned by P generators (which are known as supertranslations in context of asymptotic symmetry of flat space time) and M generators.
Deformation of commutators of [P m , P n ]. We study the deformation of commutator [P m , P n ] without modifying the other commutation relations as follows
where f 1 (m, n) and h 1 (m, n) are anti symmetric functions. It is important to emphasize that throughout this work the indices of the generators J , P and M which appear in the right-handside are fixed to be m + n. Furthermore, we shall not write the deformation term as (m − n)g 1 (m, n)M m+n which just rescales the term (m − n)M m+n by a constant parameter as α(m − n)M m+n . Of course this can be absorbed into a redefinition of generators. Now we should consider the Jacobi identities and start by studying the Jacobi identity [P, [P, J ]]+cyclic permutations = 0 which leads to two independent relations which are linear in functions f 1 and h 1
which, as was shown in [45] , are solved for f 1 (m, n) = constant and h 1 (m, n) = constant. Two relations can be obtained up to the linear term of functions from the Jacobi identity [P, [P, P]] + cyclic permutations = 0 as
which have the same solutions as (3.2).
The last Jacobi identity we should study is [P, [P, M]] + cyclic permutations = 0 which gives rise to the constraint
The above should hold for arbitrary values of m, n, l, and hence h 1 (m, n) = 0. So the first infinitesimal deformation of Max 3 has non vanishing commutators as
(3.5)
One can show that the new algebra is not isomorphic to the original algebra and hence the deformation is nontrivial. Furthermore, one can trivially show that this deformation is also a formal deformation which we will return to this point later. By a redefinition of generators 1 as The new algebra (3.7) has the direct sum structure as bms 3 ⊕ witt. This result is interesting since it is in contradiction with results of section 7.4 of [97] which states that there is not such deformation. The global part of the algebra (3.7) corresponds to the iso(2, 1) ⊕ so(2, 1) algebra when we restrict ourselves to m, n = ±1, 0 which is the direct sum of the 3d Poincaré and the 3d Lorentz algebras. As mentioned the iso(2, 1) ⊕ so(2, 1) algebra was obtained as a deformation of the d = 2 + 1 Maxwell algebra in [67] but not at the same basis as (3.5) . Note also that this algebra is a subalgebra of W (0, −1; 0, 0), which is obtained as deformation of bms 4 algebra [46] .
Deformation of commutators
where the functions f 2 (3.9)
One consider for example the first line and sets m = n = l to obtain mf 2 (m, m) = 0. Then we have that f 2 (m, m) = 0 for m = 0. This means that we can write f 2 (m, n) = (m − n)f 2 (m, n) wheref 2 (m, n) is a symmetric function. By inserting the latter into (3.9) one gets
which is exactly the same as (3.2). So we obtain f 2 (m, n) = α(m−n) where α is arbitrary constant.
The Jacobi identity [P, [P, M]] + cyclic permutations = 0 leads to
On the other hand, the Jacobi identity [P, [P, P]] + cyclic permutations = 0 does not lead to new constraints. We have shown in [45] that the only solution of the above expression is f 2 (m, n) = h 2 (m, n) = 0. The last Jacobi identity [P, [M, M]] + cyclic permutations = 0 just reproduces the same relation as (3.11) for h 2 (m, n). Thus the only infinitesimal deformation for the commutator [P m , M n ] leads to the new algebra with the following non vanishing commutators
Although the latter is an infinitesimal non trivial deformation, it is not a formal deformation. Indeed, the deformation induced by g 2 (m, n) can satisfy the Jacobi identity [P, [P, M]] + cyclic permutations = 0 only in the first order. We will return to this point later.
The most general deformation of this commutator is
where the functions f 3 
The most general deformation of the ideal part
In this part we consider the most general deformation of ideal part when we turn on all previous deformations simultaneously as The Jacobi identity [P, [M, J ]] + cyclic permutations = 0 implies the same relations as (3.9) with f 2 (m, n) = α(m−n) and the same solution for g 2 , h 2 . The Jacobi [P, [P, P]]+cyclic permutations = 0 leads to the same results as mentioned while the Jacobi [P, [P, M]] + cyclic permutations = 0 yields One can find that the functions h 1 , f 2 and g 3 given by
2 not only satisfy (3.2) and (3.9) but also relation (3.16) leading to an infinitesimal deformation. One can also show that the solutions given by h 2 (m, n) = α(m − n) and f 3 (m, n) = α of relations (3.2) and (3.9) are also solutions of (3.17) so these two functions lead to another infinitesimal deformation.
As a summary, at the infinitesimal level, the functions h 1 , f 2 and g 3 are related to each other through (3.16) while the functions h 2 and f 3 are related through (3.17) . Nevertheless as we have seen in previous sections the functions f 1 and g 2 , which satisfies (3.2) and (3.9) respectively, are independent in the sense that one can turn them on without turning on other deformations. So at this level several options can be recognized: First the functions f 1 and g 2 can be turned on independently from other deformations. Second the functions h 2 and f 3 can be only turned on altogether. Third, one may consider two or all three functions h 1 , f 2 and g 3 at the same time. Fourth, one may turn on different combinations of previous options simultaneously. Depending on which of these infinitesimal deformations are "formal", some of them may be ruled out. In what follows consider the algebras obtained through the first, second and third options. Now one might ask which of these infinitesimal deformations are a formal deformation. Also one might ask about the fourth option mentioned above. In the next part we will study this issue.
Formal deformations of ideal part
To obtain a formal deformation it is necessary to find non trivial infinitesimal deformation but this is not sufficient. As the next step we should show that an infinitesimal deformation is integrable which means that there is no obstruction in extending an infinitesimal deformation to a formal one. In this part we explore which of the previous infinitesimal deformations are also a formal deformation. As it is discussed in [45] there are different ways to show that an infinitesimal deformation is formal. As we have pointed out in appendix, "the quick test" is the approach we apply here in which one shows that the infinitesimal solution can satisfy the Jacobi identities for all order of the deformation parameter.
To this end we consider each infinitesimal deformation separately then we consider different combinations of them. As the first case we consider the independent deformations induced by f 1 and g 2 . For the f 1 from the Jacobi identity [P, [P, P]] + cyclic permutations = 0 we obtain two different relations. One is given by (3.2) , which is linear in f 1 , and the other corresponds to a non linear relation
Let us note that the above relation is trivially solved by the solution f 1 (m, n) = constant of (3.2), which is linear for any order of deformation parameter. So the deformation induced by f 1 (m, n) = constant is a formal deformation. Let us consider now the g 2 case. We have mentioned that, although this deformation is a non trivial infinitesimal deformation, it is not a formal deformation. From the Jacobi identity [P, [P, M]] + cyclic permutations = 0 we have
One checks the solution of (3.9), which is given by g 2 (m, n) = ε(m − n) cannot satisfy relation (3.19) for any higher order. So we conclude that this deformation does not reproduce a formal deformation. Now one should examine turning on f 1 and g 2 simultaneously. Interestingly, one can show that this leads to a formal deformation. In fact we have from the Jacobi identity [P, [P, M]] + cyclic permutations = 0
where the solutions g 2 (m, n) = ε(m − n) and f 1 (m, n) = ε obtained from (3.2) and (3.9), in which ε is an arbitrary constant, satisfying (3.20) . So the deformation induced by g 2 and f 1 is a formal deformation. The commutators of the new algebra obtained through this deformation are
(3.21)
One can show that a particular structure appears by considering an appropriate redefinition of the generators as 2
The new infinite-dimensional algebra is just the bms 3 ⊕ witt algebra which is exactly the same deformation induced by f 1 . Now, we consider formal deformations induced by h 1 , f 2 and g 3 . To this end, we first do not turn on h 1 (m, n). The relation (3.16) with the solutions f 2 (m, n) = ζ(m−n) and g 3 (m, n) = ζ, with ζ being an arbitrary constant, lead to a non trivial infinitesimal deformation. On the other hand these two solutions satisfy the relations (3.9) and (3.2) which are linear to all order in deformation parameter . One can then check that the Jacobi identity [M, [M, P]] + cyclic permutations = 0 leads to the non linear relation, 
which is solved for g 3 (m, n) = constant. So the deformation induced by f 2 and g 3 is a formal deformation. The obtained new algebra has the following non vanishing commutation relations
which is isomorphic, after an appropriate redefinition of the generators to three copies of the Witt algebra. Explicitly, with the redefinitions of generators,
This result is the infinite dimension generalization of the one obtained in [67] for the 2 + 1 Maxwell algebra which was called k−deformation. In particular, they showed that the k−deformation leads to one of so(2, 2) ⊕ so(2, 1) or so(3, 1) ⊕ so(2, 1) algebras depending on the sign of the deformation parameter. On the other hand, the three copies of the Witt algebra have three sl(2, R) algebras as their global part. In this specific basis both so(2, 2) and so(3, 1) are written as sl(2, R) ⊕ sl(2, R), while so(2, 1) is written as sl(2, R).
An additional infinitesimal deformation can be found by considering h 1 (m, n) = constant and g 3 (m, n) = constant when we do not turn on f 2 . The relation (3.16) relates these two as h 1 (m, n) = −g 3 (m, n) = σ where σ is an arbitrary constant. As we have mentioned the Jacobi identity [M, [M, M]] + cyclic permutations = 0 leads to a non linear relation for g 3 as in (3.24) which is solved for g 3 (m, n) = constant. Furthermore, one can see that all the relations obtained from Jacobi identities are linear for h 1 . The functions h 1 and g 3 hence lead to a new formal deformation whose non vanishing commutators are given by
This specific basis was mentioned in [75] . By an appropriate redefinition of the generators,
one can show that the new algebra (3.28) is nothing but 
which is non linear for h 1 and f 2 . Although the solutions of (3.2) and (3.9), given by h 1 (m, n) = κ and f 2 (m, n) = κ(m, n), respectively, satisfy the relation (3.16) leading to an infinitesimal deformation, they can not satisfy relation (3.31) . Then one can see that, in this case, it is not possible to have a formal deformation. One can also check that the same relation will be obtained when we turn on g 3 . Thus, we have shown that among different options for deformations induced by h 1 , f 2 and g 3 just two deformations obtained by h 1 , g 3 and f 2 , g 3 are formal. Besides, both of them lead to three copies of the Witt algebra.
The next case we consider is when both h 2 and f 3 are turned on simultaneously. Relation (3.17) can be satisfied with the solutions h 2 (m, n) = κ(m − n) and f 3 (m, n) = κ which, as we have mentioned, are obtained from (3.9) and (3.2) . In particular, both of them are linear to all orders of the functions. The Jacobi identity [M, [M, M]] + cyclic permutations = 0 gives rise to a non linear relation as
Finally one can see that other Jacobi identities just reproduce one of the previous relations obtained, namely (3.2), (3.9) or (3.17) which are linear for h 2 and f 3 . We hence conclude that the infinitesimal deformation induced by these function is also a formal deformation. This non trivial deformation leads to a new non isomorphic algebra whose non vanishing commutation relations are given by
By an appropriate redefinition of the generators, this algebra can be written as three copies of the Witt algebra witt ⊕ witt ⊕ witt whose global part is so(2, 2) ⊕ so(2, 1) or so(3, 1) ⊕ so(2, 1).
So far we have addressed the three first cases that we have mentioned in previous part and we have explored which of them reproduce a proper formal deformation. Now, we explore the fourth option in which a combination of different infinitesimal deformation are turned on and check which of them lead to a formal deformation. As an example we consider the deformation induced by the functions f 1 , f 2 , g 3 simultaneously and show that a formal deformation is possible. By Jacobi identity analysis one can see that beside previous constraints, the Jacobi identity [P, [P, P]] + cyclic permutations = 0 gives rise to
where the solutions f 2 (m, n) = δ and f 2 (m, n) = δ(m−n) satisfy (3.34) to all orders of deformation parameter. Furthermore, the Jacobi identity [P, [P, M]]+cyclic permutations = 0 leads to another constraint as
where the mentioned solutions solve also this relation to all orders of deformation parameter. So one concludes that they give rise to a formal deformation and the new algebra has the following non vanishing commutators
(3.36)
Upon the following redefinitions of the generators,
the above algebra reproduces three copies of the Witt algebra (3.27).
As the second case, one may consider the deformation induced by the functions f 1 , h 2 and f 3 and show that it does not reproduce a formal deformation. In fact the Jacobi identity [P, [P, M]]+ cyclic permutations = 0 for higher order of these functions leads to 38) which implies that f 1 or h 2 must be zero.
As another example, one may consider deformation considering f 2 , h 2 which is solved for f 2 (m, n) = h 2 (m, n) = λ(m − n) and f 3 (m, n) = g 3 (m, n) = λ, allowing to have a formal deformation. This deformation too, after an appropriate redefinition, can be written as three copies of the Witt algebra (3.27).
In the above, we just consider some examples but one can study other possible formal deformations 3 and check that all of them lead to (3.7) or (3.27) whose global algebras are iso(2, 1)⊕so(2, 1), so(2, 2) ⊕ so(2, 1) or so(3, 1) ⊕ so(2, 1), respectively.
Finally we can state our results through the following theorem As summary we have found that, among the most general possible deformations of commutators [J , P] and [J , M], three functions are zero in the sense that they can not reproduce an infinitesimal deformation. On the other hand, two functions K andK are related to each other through (3.44) which shows that they should be turned on simultaneously. Then we should study wheather this infinitesimal deformation leads to a formal deformation. Furthermore, except relation (3.42), we do not have any other constraint for I. It hence induces an infinitesimal deformation which we have to check if it is a formal deformation or not. Finally, one may ask about deformations induced by these three functions when we turn them on at the same time. We will address these issues in the next part. As we have discussed in [45] , the solutions K(m, n) = α+βm are trivial infinitesimal deformations. The γ terms are also trivial and can be absorbed into normalization of P and M. To see this let us redefine P and M as P n := N(n)P n , M n :=N(n)M n (3.46) where the functions N andN can be chosen freely. Replacing this into (2.3) one gets
If we choose N (andN since γ term is the same in K andK functions) as
we have that the γ term can be absorbed into redefinition of generators. 4 We now show that the deformation induced by K andK is a formal deformation. The only Jacobi to consider is [J , [J , P]]+cyclic permutations = 0 (and [J , [J , M]]+cyclic permutations = 0) which implies for the function K(m, n) (K(m, n)) the following relation:
(m − l)X(l + m, n) − X(l, n)X(m, n + l) + X(l, m + n)X(m, n) = 0, (3.48) where X(m, n) = (m − n) + K(m, n) (and the same relation forK(m, n)). One can see that We denote this new algebra asM(ᾱ,β; 0). One could denote this algebra asM(ᾱ,β) however, as we shall see, there is an alternative deformation allowing to obtain aM(ᾱ,β; ν) algebra for ν = 0. For a 1 = γ, a 2 = σ 2 , a 3 = ζ 3 they can be absorbed by the supposed redefinition.
which is non linear in its four last terms. One can show that the above expression is solved for I(m, n) = ξ(α + βm), K(m, n) = α + βm andK(m, n) = 2α + 2βm where ξ is an arbitrary constant. Also one can see that there is no further constraints on these functions. Thus, the three functions K(m, n) = α + βm, We can summarize our results obtained in this section as a theorem: and a U(1) current, respectively. This algebra is known as twisted Schrödinger-Virasoro algebra [97] . In this reference the infinite enhancement of 3d Maxwell algebra, which is called sv 1 (0), is obtained as a deformation of the twisted Schrödinger-Virasoro algebra.
When the indeces of the generator P are half integer valued the algebra corresponds to the so-called Schrödinger-Virasoro algebra with spatial dimension d = 1. The Schrödinger-Virasoro algebra has a global part which is spanned by 6 generators J 0,±1 , P ± 1 2 and M 0 which the latter appears as a central term. There are different works, for instance [98, 99] , in which the authors have tried to find the Schrödinger-Virasoro algebra as asymptotic symmetry of some spacetimes. 
The same relation will be obtained for G(m, n). On the other hand the Jacobi identity [J , [J , P]]+ cyclic permutations = 0 allows to obtain another relation for F as provides a solution to (3.62), for any arbitrary function Z and can be seen as the most general solution. We next show that (3.64) is the only solution for G. To this end, we note that (3.62) is linear in G and has quadratic coefficients in l, m or n. Thus, a generic solution for G should be a polynomial of homogeneous degree N:
Following the procedure used in [45] one can substract the general solution (3.64) and use the ansatz G(m, n) = mn N −1 r=1 A r m r n N −r . Then, we have that equation (3.62) for G(m, n) is only satisfied for A r = 0. Nevertheless, it is possible to show that the deformations of the form (3.64) are indeed trivial deformations since they can be reabsorbed by redefining the generators as: 
The most general deformation of Max 3 algebra
In sections 3.1, 3.2 and 3.4, we have classified all infinitesimal deformations of the Max 3 algebra, by deforming each commutator separately. In this way we have obtained different nontrivial deformations but we have shown that only four of these cases are integrable leading to formal deformations: the three copies of the Witt algebra, bms 3 ⊕ witt, M(a, b; c, d) andM(ᾱ,β; 0).
It is important to point out that one could have missed cases which involve simultaneous deformations of the six commutation relations of the algebra. Let us explore now this possibility. The most general deformation of the Max 3 algebra is given by: One may note that the relation (3.68) is linear in f 1 , O andĨ. Furthermore let us note that the coefficient of the O andĨ terms are first order in m, n, l while the coefficients of the f 1 terms are second order in m, n, l. We expect that these functions are polynomials of positive powers in their arguments, so one concludes that if O andĨ are monomials of degree p we have that f 1 should be a monomial of degree p + 1. Recalling that the solution of O andĨ are similar to the ones of (3.43), (3.68) is satisfied considering f 1 (m, n) = constant, O(m, n) = α + βm + γm(m − n) andĨ = 2α + 2βm +γm(m − n). For other coefficients or higher order terms in O andĨ there is no solution for f 1 . On the other hand one finds that (3.69) is also linear in all functions so they should appear as monomial with the same degree. Then one can insert the solutions O(m, n) = α + βm + γm(m − n) andĨ = 2α + 2βm +γm(m − n) into (3.69) and finds that there is no solution for g 2 (m, n) for none of them. Thus we have to set g 2 (m, n) = 0, which implies that the remaining equation is the first line in Thus, there is no "new" formal deformations when we turn on infinitesimal deformations induced by f 1 , K,K and I. This result is an example of the case [v.] in integrability part of [45] in which we can turn on different infinitesimal deformation at the same time but they do not produce a formal deformation for higher order of the functions.
The second example we consider is the infinitesimal deformations induced by F and I at the same time, with F (m, n) =ν+λmn+... and I(m, n) = −ν+(γmn 2 + 1 2 (λ−γ)nm 2 We call this new family algebra asM(ᾱ,β;ν) whereν = 0 reproduces the family algebra (3.55).
The last example we study is when we turn on the infinitesimal deformations induced by which is not satisfied with the infinitesimal solutions. Thus we conclude that I(m, n) = 0 or f 2 (m, n) = 0. The latter just leads to g 3 (m, n) = 0 which reproduces the same result as (3.50). One then studies the Jacobi identity [M, [M, J ]] + cyclic permutations = 0 and obtains the same relation as (3.71) by replacing f 1 and K by g 3 andK, respectively. By inserting the infinitesimal solution of g 3 andK into (3.71) one finds g 3 (m, n) = 0 orK(m, n) = 0. The first case implies f 2 (m, n) = 0 leading to the same result as (3.50), while the last one implies K(m, n) = 0 reproducing the relation (3.25). Thus we have shown that there is no new formal deformation when we consider simultaneous infinitesimal deformations induced by f 2 , g 3 , K,K and I.
One can repeat this procedure and check integrability of all possible infinitesimal deformations to conclude that Comment on stability of obtained algebras through deformation of Max 3 .
Here we make comments on the stability of the algebras mentioned in theorem 3.3. We have shown in [45] that direct sum of two Witt algebras is rigid. One could conjecture that direct sum of three Witt algebras is also rigid by following a similar computation used in [45] . On the other hand, the bms 3 part of the bms 3 ⊕witt (as was shown in [45] ) is not stable and can be deformed to two copies of the Witt algebra or to the family algebra W (a, b). Thus, we will obtain at least the witt ⊕ witt ⊕ witt or the W (a, b) ⊕ witt algebra through deformation of bms 3 ⊕ witt.
Furthermore, by following our computations in section 3.2 one can show that theM(ᾱ,β; 0) family is not stable and can be deformed into M(a, b; c, d) orM(ᾱ,β;ν) algebras.
We note also that the family algebra M(a, b; c, d) for some specific values of its parameters can be deformed into new algebras out of this family, for example the Maxwell algebra given by M(0, −1; 0, −1) can be deformed in its ideal part into bms 3 ⊕ witt or the Schrödinger-Virasoro algebra given by M(0, 1 2 ; 0, 0) can be deformed in its [J , J ] commutator. Despite this, it seems that the family algebra M(a, b; c, d) is stable in the sense that for generic values of its parameters it can just be deformed into another family algebra M(ā,b;c,d) with shifted parameters. The latter should however be proved by direct computations.
Algebraic cohomology argument
Until now we have classified all possible nontrivial infinitesimal and formal deformations of the Max 3 algebra by studying the Jacobi identities. As discussed in appendix A and in [45] , one can approach and analyze such issue by cohomology consideration. Indeed one can classify all infinitesimal deformations of the Max 3 algebra by computing H 2 (Max 3 ; Max 3 ). In our previous works, in which we tackled Lie algebras with abelian ideal, we used the theorem 2.1 of [100] which is crucial for cohomological consideration. Nonetheless, we cannot use this theorem here since Max 3 does not have abelian ideal. We shall only state our result in cohomological language. As we can see from the theorem 3.3, we have just four formal deformations for the Max 3 algebra. It is obvious that both M(a, b; c, d) andM(ᾱ,β;ν) family algebras are deformed by the K,K, I and F terms, with coefficients from ideal part, P and M. The same argument is true for the new algebra bms 3 ⊕ witt which is obtained through deformation induced by f 1 with coefficient in P. The three copies of the Witt algebra can be obtained via deformation induced by h 1 , g 3 or h 2 , f 3 and also by f 2 , g 3 , which means that the two first cases are just a redefinition of the latter. As summary, we have shown that, unlike the Hochschild-Serre factorization theorem of finite Lie algebras, other commutators of Max 3 algebra, except the ideal part, can also be deformed but only by terms with coefficients from the ideal part. As it has been discussed in the works [45, 46] this result can be viewed as an extension of the Hochschild-Serre factorization theorem for infinite dimensional algebras. 6 In the cohomological language our results for the Max 3 algebra can be written as
where h denotes the ideal part of Max 3 algebra spanned by generators P and M.
4 Central extensions of the deformed Max 3 algebras
In this section, we present explicit central extensions of the infinite-dimensional algebras obtained as a deformation of the Max 3 algebra introduced previously. In particular, one of the central extension corresponds to a known asymptotic symmetry of a three-dimensional gravity theory.
Central extension of deformed Max 3 algebra in its ideal part
As we have shown there are two ways to deform the ideal part of the Max 3 algebra. The first option is to deform it by f 1 (m, n) to obtain (3.5) which is bms 3 ⊕ witt. By Jacobi identity analysis one can show that the most general central extension of (3.5) is Furthermore the central charges c LL , c LT and c SS can be related to three independent terms of the Chern-Simons iso(2, 1) ⊕ so(2, 1) gravity action as follows:
where α 0 and α 1 are the respective coupling constants appearing in the three-dimensional Chern-Simons Poincaré gravity. On the other hand, β 0 is the coupling constant of the exotic Lagrangian invariant under the so(2, 1) algebra. It would be interesting to explore the central terms in the basis {J m , P m , M m } and the possibility that the central extensions of the infinite-dimensional algebras (3.5) and (3.21) appears as the asymptotic symmetries of three-dimensional gravity theory invariant under deformations of the Maxwell algebra.
The next deformation of Max 3 in its ideal part is the deformation induced by, for instance, f 2 and g 3 which leads to (3.25) . This infinite dimensional algebra, as (2.3), can admit three independent central terms as
(4.6)
Such infinite-dimensional symmetry results to be the infinite enhancement of the so-called AdS-Lorentz algebra [31] and corresponds to the asymptotic symmetry of the three-dimensional Chern-Simons gravity action invariant under the AdS-Lorentz algebra [101] . Interestingly, the centrally extended Max 3 algebra appears as an Inönü-Wigner contraction of (4.6). Naturally, three copies of the Virasoro algebra can be obtained by considering the following redefinition of the generators, 8) and the following redefinition of the central terms
(4.9)
The AdS-Lorentz symmetry has been studied in [67, 77, 95, 102] and can be seen as a deformation of the Maxwell algebra. Further extensions of the AdS-Lorentz algebra in higher dimensions have been studied in [103] [104] [105] in order to recover the pure Lovelock theory. As we can see this is in contradiction with the result of theorem 5.7. of [106] in which they did not mention the term c JM 1 δ m+n,0 in (4.19).
The point a = c = 0, b = − 1 2 , d = 0. Another value of the parameters that are worth it to explore is a = c = 0, b = − 1 2 , d = 0 which leads to the new algebra with the following non vanishing commutators
(4.20)
As mentioned before this algebra is known as the twisted Schrödinger-Virasoro algebra. According to the theorem 2.2 in [47] we know that there is no central term in the [J m , P n ] commutator. Let us note that since the three parametersᾱ,β andν are independent, there is no solution for the above expression forᾱ,β,ν = 0. Nevertheless forᾱ =ν = 0, we have the non trivial central extension T (m, n) = U(m, n) = c JM m 3 δ m+n,0 . One can see that there are no other central terms.
Thus, we conclude that the most general central extension for theM(0,β; 0) algebra is given by 
Summary and concluding remarks
In this work we have considered the deformation and stability of Max 3 algebra which is the infinite enhancement of the 2+1 dimensional Maxwell algebra. We have shown that there are four possible formal deformations of Max 3 algebra. The Max 3 algebra can be formally deformed into bms 3 ⊕witt or three copies of the Witt algebra in its ideal part. Furthermore, the Max 3 algebra can be formally deformed into two new families of algebras when we consider deformations of other commutators. The new infinite dimensional algebras obtained have been denoted as M(a, b; c, d) andM(ᾱ,β;ν). In particular, the Max 3 algebra can be formally deformed to the (twisted) Schrödinger-Virasoro algebra for the specific values of parameters a = c = d = 0 and b = − 1 2 , which can be seen as the asymptotic symmetry algebra of the spacetimes invariant under Schrödinger symmetry [98, 99] .
We have then considered possible central terms for the obtained algebras through deformation procedure. We have shown that the bms 3 ⊕ witt algebra and three copies of the Witt algebra admit just three non trivial central terms analogously to the Max 3 algebra. We also explored the central extensions of M(a, b; c, d) andM(ᾱ,β;ν) in some specific points of their parameters space. For a generic point in the parameter space M(a, b; c, d) algebra admits only one central term in its Witt subalgebra. For specific values of parameters it can admit more central terms which means that the deformation procedure can change the number of possible non trivial central terms. On the other hand the algebraM(ᾱ,β;ν) in general admits two non trivial central terms and a third central terms can appear forᾱ =ν = 0 inM(ᾱ,β;ν) as in the Max 3 algebra.
As we have pointed out in appendix A, the Hochschild-Serre factorization (HSF) theorem 8 does not apply to infinite dimensional Lie algebras. In fact as we have shown one can deform the commutators [J , P] and [J , M] leading to two family algebras M(a, b; c, d) andM(ᾱ,β;ν) which are in contradiction with the Hochschild-Serre factorization (HSF) theorem. Interestingly, similar results have been obtained by deforming the bms 3 and bms 4 algebras in [45, 46] . The examples considered in this paper, hence confirm the conjecture made in [45, 46] , that the Hochschild-Serre factorization (HSF) theorem might be extended for infinite dimensional algebras as follows: the infinite dimensional Lie algebra 9 with countable basis can be deformed in all of its commutators but only by terms with coefficients from the ideal part. The results obtained for the Max 3 algebra reinforce this conjecture.
It is interesting to point out that the central extension of one of our deformations of the Max 3 algebra is a known asymptotic symmetry. Indeed the centrally extended infinite-dimensional algebra (4.6), which can be written as three copies of the Virasoro algebra, describes the asymptotic structure of a three-dimensional Chern-Simons gravity theory invariant under the so-called AdS-Lorentz algebra [101] . Furthermore, three copies of the Virasoro algebra and the centrally extended Max 3 algebra have been first introduced as an Semigroup expansion of the Virasoro algebra [31] . They can also be obtained through the Sugawara construction considering expanded Kac-Moody algebras [31] . Furthermore, three copies of the Virasoro algebra also appears in 4d by deforming a particular deformation of the bms 4 algebra [46] . On the other hand, three copies of the Witt algebra can alternatively be obtained as meta conformal construction [107] .
Let us note that our results can also be seen as all the possible deformations of the simplest Hietarinta algebra [108] . Such symmetry is obtained by interchanging the role of the generators of the ideal part of the Maxwell symmetry. All the deformations presented here then correspond to the deformations of the Hietarinta algebra by interchanging the generator M m with the generator P m . Further developments of this dual version of the Maxwell algebra have been recently presented in [109, 110] .
It would be interesting to explore the explicit derivation of the infinite-dimensional algebras introduced here by considering suitable boundary conditions. It is expected that the deformations of the Max 3 algebra should correspond to the respective asymptotic symmetries of three-dimensional Chern-Simons gravity theories based on deformations of the Maxwell algebra [111] .
It is worthwhile to study possible generalizations of our results to other (super)symmetries. An extension and deformation of the Max 3 algebra has been introduced in [31] corresponding to the infinite enhancement of a generalized Maxwell algebra, also called B 5 algebra. In particular, it would be interesting to study possible deformations of such infinite enhancement. One could conjecture that the deformations would reproduce witt ⊕ witt ⊕ bms 3 algebra, witt ⊕ Max 3 algebra or some generalization of the family algebras M(a, b; c, d) andM(ᾱ,β;ν). At the supersymmetric level, one could explore all possible deformations of the infinite dimensional enhancement of the N -extended Maxwell superalgebra recently introduced in [35] . In particular one could analyze for which values of the parameters the family algebras M(a, b; c, d) andM(ᾱ,β;ν) admit a welldefined supersymmetric extension. One might obtain them through a deformation procedure from the supersymmetric extension of the Max 3 algebra presented recently in [35] . The same study could be extended to the family algebra W (a, b) which appears as a deformation of the bms 3 algebra [45] .
The next problem which would be interesting to explore is studying the group associated to the Max 3 algebra and asking how deformation procedure affects at the group level and its representations. Recently the group associated to Max 3 algebra and its coadjoint orbits have been considered [79] so one might asked about the connection between coadjoint orbits of this group and the groups associated to the deformation of Max 3 obtained here. In other words one may explore how deformation relates the Hilbert spaces and unitary representations of two groups (algebras) which are connected by deformation procedure.
A Basic concepts of Lie algebra deformation
In this Appendix we briefly review the different concepts of deformation without giving explicit definitions. Further details about our construction and its definitions can be found in [45] and the references mentioned here.
The deformation of a Lie algebra g is defined as a modification of its structure constants. In particular, one can identify two different cases: trivial deformations and nontrivial deformations. The former can be seen as a change of basis while the latter modify/deform a Lie algebra g to a new Lie algebra with the same vector space structure. The concept of deformation was first introduced for rings and algebras in [48] [49] [50] [51] and subsequently developed for Lie algebra in [52] . In particular, the deformations studied in [52] are known as 'formal' deformations where a Lie algebra is deformed by a formal power series of some deformation parameters. Then the 'infinitesimal' deformation is a formal deformation only up to the linear term in the power series.
If a Lie algebra g cannot be trivially deformed it is called rigid or stable. Naturally, a rigid or stable Lie algebra can only be deformed to an algebra which is isomorphic to the initial algebra g. Then a Lie algebra is formally rigid if and only if every formal deformation of the Lie algebra is a trivial deformation. In the specific case of finite dimensional algebra, the stability of a given Lie algebra can be computed through the Hochschild-Serre factorization theorem which was proven in [55] . It states that all nontrivial infinitesimal deformations of a Lie algebra g, with semi-direct sum structure, are just located in the ideal part of the Lie algebra g. At the infinite dimensional level, as was shown in [45, 46] and here, the Hochschild-Serre factorization theorem does not apply. Despite this, stability and rigidity of specific infinite dimensional Lie algebras as the Witt and Virasoro algebra have been explored in [57, [112] [113] [114] [115] in which they have shown that the Witt algebra and its central extension are formally stable. In particular, the authors of [114] have shown that the Witt algebra is not globally rigid leading to the so-called Krichever-Novikov type algebra. On the other hand the deformations of the twisted Schrödinger-Virasoro algebra has been presented in [106] .
Interestingly, the infinitesimal deformations of an infinite or finite dimensional Lie algebra g can be classified by computing second adjoint cohomology H 2 (g; g). In particular, if H 2 (g; g) = 0 we have that the Lie algebra is formally and infinitesimally rigid [116] [117] [118] . Otherwise, we have found nontrivial infinitesimal deformations. Nevertheless, in order to check that such deformations are also formal deformations it is necessary to verify possible obstructions. Indeed, in order to have a formal deformation it is necessary that the nontrivial infinitesimal deformation are integrable an all orders in the deformation parameter. In the cohomological language, one can show that all obstructions are in the space H 3 (g; g). Thus H 3 (g; g) = 0 assures condition for integrability of infinitesimal deformations located in H 2 (g; g) and then there are no obstructions [52] . There is a "quick test" allowing to check if an infinitesimal deformation is a formal one. One has just to check the Jacobi identities of the linear infinitesimal deformation with deformation parameter ε. If we have that the Jacobi identities are satisfied by the linear term in Taylor expansion of the infinitesimal deformation with deformation parameter ε then we have found a formal deformation.
